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ABSTRACT. Let (M, u>) be an almost symplectic manifold (u> is a non de- 
generate, not closed, 2-form). We say that a vector field X of M is locally 
Hamiltonian if L^u; = 0, d{i{X)uj) — 0, and it is Hamiltonian if, furthermore, 
the 1-form i(X)uj is exact. Such vector fields were considered in [3], under 
the name of strongly Hamiltonian, and a corresponding action-angle theorem 
was proven. Almost symplectic manifolds may have few, non-zero, Hamilto- 
nian vector fields or even none. Therefore, it is important to have examples 
and it is our aim to provide such examples here. We also obtain some new 
general results. In particular, we show that the locally Hamiltonian vector 
fields generate a Dirac structure on M and we state a reduction theorem of 
the Marsden-Weinstein type. A final section is dedicated to almost symplectic 
structures on tangent bundles. 



1 Introduction 

All the objects that we consider are assumed to be C^-smooth and we follow 
the usual notation of differential geometric literature [5] . 

The classical framework of Hamiltonian dynamics is a symplectic mani- 
fold (M 2n , u), where a; is a non degenerate, closed 2-form [7J |8]. This frame- 
work was also extended to Poisson and Dirac manifolds [2j and to similar 
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structures on Lie algebroids pQ. In all these cases an integrability condition 
that generalizes the closure of the symplectic form plays an essential role. 

In [1] , the authors extend an important theorem of Hamiltonian dynam- 
ics, existence of action-angle coordinates, to almost symplectic manifolds 
(M 2n ,u), where the 2-form u is still non degenerate but not closed. I have 
no knowledge neither of earlier studies of Hamiltonian fields on almost sym- 
plectic manifolds nor of further developments, which, probably, is due to the 
fact that almost symplectic manifolds may have very few suitable Hamilto- 
nian vector fields (called strongly Hamiltonian in [1]), if at all; in [1] there are 
no concrete examples beyond the general action-angle coordinates expression 
of the 2-form u. 

Nevertheless, some almost-symplectic manifolds may carry interesting 
Hamiltonian fields. The aim of this note is to give such examples as well 
as some new general results concerning Hamiltonian vector fields on almost- 
symplectic manifolds. The latter results include the existence of a Dirac 
structure generated by locally Hamiltonian vector fields and a Marsden- 
Weinstein reduction theorem. 

2 Definitions and general results 

We define a suitable notion of Hamiltonian vector field of an almost sym- 
plectic manifold as follows. 

Definition 2.1. Let (M 2n ,u) be an almost symplectic manifold. A vector 
field X on M will be called a Hamiltonian vector field if 

(2.1) L x u = 0, i(X)u> = -df (/ e C°°(M)), 

where L is the Lie derivative. 

In [1] the vector fields that satisfy (12. 1 p were called strongly Hamiltonian. 
We will say that X is the Hamiltonian vector field of / and denote X = Xf. 
The function / is a Hamiltonian function of X and it is defined up to a 
constant. It follows easily that, if /, h e C°°(M) are Hamiltonian functions 
with Hamiltonian fields Xf,Xh, the vector field 

x fh = fX h + hX f 
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is a Hamiltonian vector field with the product fh as a Hamiltonian func- 
tion. The algebra of the Hamiltonian functions on M (with usual functions 
product) will be denoted by H(M,u>). 

Conditions (12 .ip imply di(X)u = 0. Accordingly, a vector field X such 
that 

(2.2) di(X)u = 0, L x u = 

will be called a locally Hamiltonian vector field. Due to the classical formula 
Lx = di(X) + i(X)d, conditions (12. 2p may be replaced by 

(2.3) di(X)u = 0, i(X)du = 0. 

In the symplectic case dw — and we regain the classical definitions. 
Some of the well known symplectic properties hold in the general case too. 
For two locally Hamiltonian vector fields X, Y, the commutation formula 

i{[X,Y]) = L x i{Y)-i(Y)L x 

yields 

i([X,Y])u = -d(u{X,Y)). 

Therefore, [X, Y] is a Hamiltonian vector field with Hamiltonian function 
uj(X, Y). Furthermore, for f,h& "H(M, u), we get a skew-symmetric bracket 

(2.4) {/, h} = u>{X f , X h ) = X f h = -X h f, 
such that 

X {fM = [ x fiXh]- 

Definition 2.2. A vector X e T X0 M, xq G M, will be called a Hamiltonian 
tangent vector if there exists a locally Hamiltonian vector field X defined on 
an open neighborhood of xq such that X{xq) = Xq. A submanifold N C M 
such that all its tangent vectors are Hamiltonian will be called a Hamiltonian 
submanifold. 

We will denote by H X(i M C T Xo M the real linear subspace of Hamilto- 
nian tangent vectors at Xq. In the symplectic case H Xo M = T Xo M but, in 
the general case non-Hamiltonian tangent vectors may exist. By (12.31) . the 
condition i(X )(du) X0 = is a necessary condition for X £ H X0 M, which, 
however, may not be sufficient. A better result is given by 



3 



Proposition 2.1. The vector X G T X0 M is a Hamiltonian tangent vector 
iff the system of partial differential equations 

df 

u tJ \duj) ihk — = 0, 

where (x- 2 ) are local coordinates around Xq, has local, differentiate solutions 
f(xi) such that 



df_ 

dx i 



■ d 



dxi 



:t'o 



Proof. The required initial conditions ensure that X = ^df is an extension 
of Xq such that d(i(X)u>) = and the system of equations is the expression 
of the condition i(X)du> = 0. □ 

The necessary condition i(X )(du:) X0 = implies 

(2.5) duj(X Xo , Y xo , Z xo ) = 0, VX X0 , Y XQ , Z xo e H XQ M, 

therefore, if l : N ■=->■ M is a Hamiltonian submanifold, dt*u = 0. Further- 
more, f)2.5p implies the Jacobi identity for the bracket (12 ,4p . hence, (12. 4p 
is a Poisson bracket that defines a Poisson algebra structure on the subset 
/ H(M,u) of Hamiltonian functions. 

Following is a more significant result 

Theorem 2.1. The field of planes H X M (x e M) is a generalized foliation 
H , which, together with the restrictions of u> to the leaves of H produces a 
Dirac structure T>^ on M . 

Proof. The distribution H is locally spanned by the Lie algebra of locally 
Hamiltonian vector fields, hence, it is differentiable. Any w-preserving dif- 
feomorphism of M sends a locally Hamiltonian field to a locally Hamiltonian 
field. In particular this is true for the flow of a locally Hamiltonian field, 
whence we get dim H exp ^ tX )( x ) = const. Under these conditions, H is known 
to be integrable (e.g., Theorem 2.9", [11]). Obviously, the leaves of H are 
Hamiltonian submanifolds and any connected Hamiltonian submanifold is 
contained in a leaf of H. 

By results of [2J, the integrability of H and (I2.5P ensure that the field of 
subspaces of TM © T*M defined by 

(2.6) V w {x) = {{X, \) mx X + v) jX e H x , v e annH x }, 
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where x runs in M, w x is the restriction of u x to the leaf of H through x 
and \> m X is a leaf- wise form, is a Dirac structure [2]. □ 

On an almost symplectic manifold (M 2n ,u) the following operators play 
an important role 

A = 5 = *d*, *v = [i(^u)uj n }/n\ (u G n k (M)) 

(i denotes contraction by a multivector, w _1 is the inverse bivector of u and 
tL = bj 1 , where b w is defined on vector fields by \> U X = i(X)u)). The forms v 
such that Av = (in particular, all 0-forms and 1-forms) are called primitive 
or effective and any form can be presented by means of u and of primitive 
forms (the Lepage decomposition [7]). 

The following proposition gives a characterization of Hamiltonian fields 
on almost symplectic manifolds. 

Proposition 2.2. For any almost symplectic manifold (M 2n ,u>) one has 

(2.7) duj = a A u + xjj, a — Su, 

n — 1 

where ip is primitive and vanishes for n = 2. A vector field X on M is locally 
Hamiltonian iff 

(2.8) a{X) = 0, a A (i(X)co) - i(X)*l> = 0, di(X)u = 0. 
A function f G C°°(M) is a Hamiltonian function iff 

(2.9) (M/ = 0, o- A df + z(L(rf/))^ = 0. 

Proof. Formula (12. 7\i is known [6J17]). The first condition (12. 3 j) is included in 
(12.81) and via (12. 7p the second condition (12. 3p becomes 

<r(X)w - a A (i(-X» + = 0. 

By applying A to the above and since ip is a primitive form, we get (n — 
l)a(X) = and (I2.8P is proven. Then, taking X = —^(df) we get the 
conclusion for Hamiltonian functions. □ 

Corollary 2.1. Ifn>3,ip = and o ^ on a dense subset of M , then, 
o is closed and a function f defined on a neighborhood where a = dt is 
Hamiltonian on that neighborhood iff f = f(t). 
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Proof. The fact that n > 3 and ip = imply da = is known and shows 
that M is a locally conformal symplectic manifold (e.g., [7]). The second 
condition (I2.9p reduces to a A df — and it implies the first condition (12. 9p 
because it implies that o is proportional to df wherever df ^ 0. Thus, / is 
Hamiltonian iff a A c?f = and our hypotheses yield df — sa — sdt for a 
function s G C°°(M). This implies the required conclusion. □ 

Remark 2.1. The conclusion of Corollary 12. II also holds for n = 2 if da = 
is added to the hypotheses. Corollary 12.11 shows that the locally conformal 
symplectic manifolds have few Hamiltonian functions and all the Poisson 
brackets are zero. 

We end this section by refereing to Marsden-Weinstein reduction theory 
in the almost symplectic case, while assuming that the reader is familiar with 
the corresponding theory on symplectic manifolds (e.g., [7J |8]). 

We follow our paper [13], where the interest was in the para-Hermitian 
case. The wording of the definition of Hamiltonian actions and equivariant 
momentum maps is the same as in symplectic geometry but, the notion of 
a Hamiltonian vector field is that of the almost symplectic case. Obviously, 
the orbits of a Hamiltonian action are Hamiltonian submanifolds. 

Assume that we have a Hamiltonian action of the Lie group G on the 
almost symplectic manifold (M, u) that has an equivariant momentum map 
$ : M — > q*, where g* is the dual of the Lie algebra of G. Let 9 G Q* be a non 
critical value of $ and = ^~ 1 (6) be the corresponding Gg-invariant, level 
submanifold of M, where Ge is the isotropy subgroup of 9 under the coadjoint 
action of G. For x G N, we will denote by G(x),Ge(x) the G, respectively 
Ge, orbit of x. Then, NnG(x) = Ge(x) and (like in the symplectic case [7]) 
T X N L w T x (G(x)), therefore, K = ker(L*u x ) = T x NC\T x (G(x)) = T x (G e (x)) 
(l:N^ M). 

Theorem 2.2. With the notation above enabled, if the action ofGe on N is 
free and proper, there exists a reduced quotient manifold Q with the projection 
q : N — )■ Q and with a reduced almost symplectic structure w such that 
q*w = l*cu. 

Proof. Since the action of G is free and proper, the set of the Gg-orbits of the 
points of A^ is the required quotient manifold Q and we have the projection 
q : A^ — )■ Q. Furthermore, we see that the subbundle K is tangent to the 
foliation K, of A^ by the connected components of the GVorbits. It follows 
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that the local cross sections of K are spanned by Hamiltonian vector fields 
and Lxoj = 0, VX e TK. The same vector fields X e TK satisfy i(X)u> = 
because K = ker(i*u x ). These two facts ensure the existence of the reduced 
2-form w on Q. Moreover, K = ker(i*u x ) implies the non degeneracy of 
w. □ 



3 Examples of Hamiltonian vector fields 

In this section we give examples of Hamiltonian functions and vector fields 
on almost symplectic, non-symplectic manifolds. 

Example 3.1. Assume that the almost symplectic manifold (M, u) has a 
locally product structure defined by the foliations T\, T 2 with the local equa- 
tions x l = const., y k = const., respectively, and that 

u = ui + u) 2 , ui = -<f ij (x)dx' 1 A dx J , u 2 = )^Pkh{y)dy k A dy h , 

where Ui is an almost symplectic form in the coordinates (x*) and u 2 is a 
symplectic form in the coordinates (y k ) (i.e., du 2 = 0). Then, the function 
f(x l , y k ) is a Hamiltonian function on M iff it is wi-Hamiltonian as a function 
of {x 1 ) and the Hamiltonian vector field of / on M is the sum of its 
Hamiltonian field with its W2-Hamiltonian field. 

Example 3.2. P3] Take 

M = {(x\x 2 ,x 3 ,x 4 ) / x 1 > 0,x 2 > 0} C R 4 

and 

u = x 1 dx 2 A dx 3 + x dx A dx . 
This is a globally conformal symplectic manifold where 

a = d(ln(x l x 2 )), i\) = 0. 

Hence, by Corollary 12. 1[ the Hamiltonian functions are the functions f(t), 
t = x 1 x 2 . The Hamiltonian vector field of such a function is 

x =?L(JL + JL\ 

f dt \dx 3 dx 4 )' 
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The Dirac structure (12. 6p of the present example is generated by cross 
sections of the form 



uidx 1 + u 2 dx 2 + ip(dx 3 — dx ))} 



where h,Vi,i/ 2 ,(p G C°°(M). In particular, we see that the notions of u- 
Hamiltonian function and D^-Hamiltonian function in the sense of [2] are dif- 
ferent. Indeed, for any function l(x x , x 2 , x 3 , x 4 ) such that dl/dx 3 = —dl/dx 4 
we have 



and I is a P^-Hamiltonian function, while it may not be cu-Hamiltonian. 
The Abelian group G = R has the following action on M: 



The corresponding infinitesimal action of the natural basis of the Lie algebra 
R of G is the vector field 8/ dx 3 + d/ dx 4 . Therefore, the action is Hamiltonian 
and has the equivariant momentum map 



Every value t > G R is non-critical for $ with the level manifold iV = §~ 1 (t) 
defined in M by the equation x 1 x 2 = t{= const.) On N, we have the global 
coordinates x 1 > 0, x 3 , x 4 and, if we denote l : N <^-> M, then 



This also is the expression of the reduced form w of the quotient manifold 
Q of iV by the orbits of the restriction of G = R to N. More exactly, (Q, w) 
is symplectomorphic with the plane (R 2 , du A dv) by u = In x l , v = x A — x 3 . 

Example 3.3. On the manifold M of Example 13 . 2 1 1 ake the almost symplectic 
form 




x = x , x 2 = x 2 , x 3 = x 3 + a, x 4 = x 4 + a (a G R). 



dx 



A (dx 3 - dx 4 ). 



i cj — — 

X 1 



9 = dx 1 A dx 2 + dx 1 A dx 3 + x 1 x 2 dx 3 A dx 4 . 



Then, 



d9 = x x dx 2 A dx 3 A dx 4 + x 2 dx l A cb 3 A cte 4 
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and the vector fields that satisfy the condition i(X)d6 = are given by the 
formula 



dx 1 dx' 

But, the condition d(i(X)9) = holds only for / = 0. Therefore, no non- 
zero locally Hamiltonian vector fields exists. In particular, at any point of 
M, there are vectors that satisfy the necessary condition of a Hamiltonian 
tangent vector but they are not such. Notice that for the 2-form 0, (12. 7p 
holds with 

dx 1 dx 2 dx 3 

O = j I n ' 2~' ^ = ' 

iAJ %Aj %Aj 

where do ^ 0. 

Example 3.4. Take M = M x R 2n_4 with the non degenerate 2-form 

n-2 



+ e x3x \J2dy h Ady n ' 2+h ), 



CO = 00 

h=l 



where M and u are those defined in Example 13.21 and y s are the natural 
coordinates on R 2 ™ -4 . Then, 



n-2 

n-2+h\ 



h=l 



du = d(x 3 - x 4 ) A dx 1 A dx 2 + e x3x *d(x 3 x 4 ) A d V k A d V 
and the only vector field 

*-&* + &* 

that satisfies the condition i(X)du = is X = 0. Hence, (M, u)) has no 
nonzero, locally Hamiltonian vector fields and no non-constant Hamiltonian 
functions. 



4 r. 2n-4 r. 



But, following Example 13. 1[ if we replace u) by 

n-2 

+ ^ dy* A dy n - 2+ > 



tu = u 

h=l 
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any function of the form f(t, y 1 , ■■■,y 2n 4 ) (t = x l x 2 ) is Hamiltonian and its 
Hamiltonian field is 

f ~ dt \da* + dx4J + ' 

where Xj is the Hamiltonian field of / with respect to the canonical sym- 
plectic form of R 2n ~ 4 . 

Example 3.5. It is known that the manifold M = G1XG2, where G\ = G2 = 
G is a Lie group endowed with a left-invariant pseudo-Riemannian metric 7, 
has a canonical para-Hermitian structure (e.g., [3]). The fundamental form 
of this structure is an almost symplectic structure on M that may be defined 
as follows. 
Put 

"1(01,02) = 9i, ""2(01, 02) = 92,h(g) = (g,e),h(g) = (e,g), 

where e is the unit of G and, generally, attach the index 1,2 to images by 
7Tx, ti, 7r 2 , h of objects of G. Then, let (Yj), (u l ) be a basis of left invariant 
vector fields and the dual basis of left invariant forms of G. The announced 
almost symplectic structure is 

u = Jijul A uj 3 2 , jij = j(Yi, Yj) = const. 

Using the Cartan equations 

d^= l -{c) k u k A^) 

where c* fc are the structure constants of the Lie algebra g of G, it follows 
that doj — iff the group G is Abelian, hence, if G is not Abelian, (M, 00) is 
a non-symplectic, almost symplectic manifold. 
Now, consider a vector field of the form 

Z = X 1 + X 2 = ?Y il + ?Y i2 , 

where X = S, l Y i: = const, is a left invariant vector field on G. 
A straightforward calculation gives 

i(Z)u = 7ij (?<4 - di(Z)tu = A u k 2 - C j ci k u1 A to'), 
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therefore, di{Z)uj = iff JijC^hk = ®- The mean i n g of this condition is that 
the element X of the Lie algebra g of G that defines the vector filed Z must 
be 7-orthogonal to the derived algebra [g, g]. 

The second condition required for Z to be locally Hamiltonian is i(Z)du = 
and may also be expressed using the Cartan equations. A straightforward 
examination of the result shows it to be equivalent with the following global 
property 

j(adX(U), V) + 7 (£7, adX(V)) = 0, X, U, V G g, 

which is further equivalent to Lxj = 0, where X and 7 are seen as left 
invariant tensor fields on G and L is the Lie derivative. 

The conclusion is that X G g defines a locally Hamiltonian vector field 
Z = Xi + X 2 on M iff X is 7-orthogonal to the derived algebra of g and the 
right translations by the flow of X preserve the left invariant metric 7. 



4 Structures on tangent bundles 

In this section we discuss some almost symplectic structures on a tangent 
bundle M = TN A N, where N is an n-dimensional manifold. For the 
geometry of tangent bundles we refer the reader to [14j; a brief survey can 
be found in [12] . 

On M one has the tangent structure tensor field S G End(TM), 

d d d 

(4.1) S^- = -^-,S-^ = 0, 

ox 1 oy 1 oy l 

where (x*), i — 1, n, are local coordinates on N and (y l ) are vector coordi- 
nates with respect to the bases (d/dx l ) (equations (14. ip are invariant under 
coordinate changes on N). 

One has two intrinsic lift operations from iV to M. Firstly, there exists 
a unique homomorphism of real tensor algebras V : T x — >■ T y (x G N,y G 
7r _1 (x)) such that 

(4.2) V(l) = 1, V(a) = ir*a, V(X) = SX, 

where a G T*N,X G T y M, tt*X = X. This homomorphism is called the 
vertical lift and, instead of the notation of (I4.2p . the images will be denoted 
by an upper index v. Namely, one has 

Q V (X 1 , X q , Ai, Xp) = 0(71-^1, ir*X q , a Xl , ■-, a x ), 
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where X^ G T y M,\ G T*M and ct\ G T*iV is characterized by a\(X) = 
X(SX) with X, X like in If 6 is a form, then, 6^ = vr*6. The name 

comes from the fact that V(T X N) = S(T X M) = QJ y , where QJ is the tangent 
bundle of the fibers of M, usually called the vertical bundle. 

Secondly, there exists a homomorphism C of real linear spaces, with im- 
ages denoted by an upper index c, from the space of tensor fields of type 
(p, q) on N to the similar space on M, called the complete lift, such that 

(4.3) (P ® Q) c = P C ®Q V + P V ®Q C 

and which is defined on functions, vector fields and 1-forms in the following 
way. If / G C°°(N), 

nv) = y(f) = y i ^-, (yeM). 

If X G TTN, X c is the tangent vector field of the lifted flow (exptX)*; in 
local coordinates the complete lift is given by 

d ■ d d£ l d 



If a is a 1-form on iV then 

a c {X v ) = (a(X)) v , a c {X c ) = {a{X)) c , 
which, in local coordinates gives 

■ doi ■ 

a = ai(x J )dx\ a c = y 3 —^dx % + atidy 1 . 

ox 1 

Now, let us assume that iV has an almost symplectic structure 

a = -aij(x k )dx l A dx 3 . 
Then, we have the following results. 

Proposition 4.1. The complete lift a c is an almost symplectic structure on 
M. If Xf is a a-Hamiltonian vector field on N (/ G C°°(N)), then, the 
complete lift Xj is o~ c -Hamiltonian for the function f c G C°°(M). If the Lie 
group G has a a-Hamiltonian action on N with an equivariant momentum 
map $ ; then, the differential of this action is a a c - Hamiltonian action of G 
on M, which has the equivariant momentum map $ c . 
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Proof. Using (14 .3p and the local coordinate expressions of f c , X c , a c , we get 

X d 

a c = -y k —^-dx l A dx j + OaAx 1 A dy j , 
T dy k 3 y ' 

which proves the first assertion. Furthermore [13], it is known that VX G 
TTN,& G n s (N), one has 

(4.4) {dQ) c = d{e c ), {t{x)ey = i(x c )e c , L xc c = (L x ey. 

The remaining assertions of the proposition are straightforward consequences 
of (14.41) used for X = Xf, O = a. The infinitesimal transformations of G on 
M are the complete lifts of the infinitesimal transformations on N . The 
complete lift of a function extends to vector valued functions, which gives 
the meaning of the complete lift of the momentum map. Notice that, if used 
for open neighborhoods in N, the proven results show that the complete lift 
of a locally a-Hamiltonian, vector field is a locally cr c -Hamiltonian, vector 
field. □ 

In order to obtain other interesting almost symplectic structures on tan- 
gent bundles we shall assume that N is endowed with a (pseudo-)Riemannian 
metric 7 and that a choice of a horizontal bundle Sj was made, i.e., we have 
a decomposition 

TM = ft © 2J. 

Then, we also have the horizontal lift (X G T X N) ^ (X h G T y M) defined by 
the conditions X h G Sj y , K*X h = X. This lift also extends to tensors [14"] . 

On M, we define an almost symplectic form u associated to (7,^) by 
lu\sj = 0, w|<2j = and 

u y (x,y) = -u; y (y,x) = My) (x,Y), 

for X = X h , y = Y v , y G M, X, Y G T v(y) N. 

We shall also need the associated metric on M by the equalities 

g{X h , Y h ) = g{SX h , SY h ) = 7 (X, Y) = u{X h , SY h ), g{X h , Y v ) = 0. 

The tensors u, g may be expressed by means of local coordinates as follows 
[9]. 03 has the local bases d/dy % and S) has the bases given by the horizontal 
lifts of d/dx % : 
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where —t\ are the coefficients of the non-linear connection $). The annihila- 
tors of 03, f) have the corresponding dual bases 

(4.6) dx\ 9 i = dy* + t j dx j . 
With respect to these bases we get 

(4.7) to = -iijdx 1 A9 j , g = j ij dx i <g) dx j + ® 6» j , 
where 7^ are the local components of the metric tensor 7. 

Proposition 4.2. 1. A vertical vector field X v is locally Hamiltonian with 
respect to the structure co associated to (7,^) iff d(i(X v )u) = 0. 2. For any 
function f G C°°(N), the function n*f G C°°(M) is u- Hamiltonian with the 
vertical Hamiltonian vector field X v = —§ u d(TT*f). 

Proof. 1. Since QJ is w-Lagrangian we get 

(4.8) i{X v )du{Y v , Z v ) = du{X v , Y v , Z v ) = 0. 
We also have 

(4.9) i(X v )dcu(Y v , Z h ) = du(X v , Y v , Z h ) = 0. 

Indeed, it suffices to check this for X v = d/dy\Y v = d/dyi,X k ) and the 
result follows from (14.51) . (14. 6 p and (14. 7J - The same local expressions yield 

i(X v )du(Y h , Z h ) = dco{X v , Y h , Z h ) = -d{i{X v )u){Y h , Z h ), 

hence, d(i(X v )u) = implies i(X v )du = and we are done. 

2. With the first conclusion proven, the only fact we still have to check 
for the second conclusion is the verticality of the vector field ^d(n*f). Since 
QJ is w-Lagrangian, verticality is equivalent to oj^dir* f, Y v ) = Y v n*f = 0, 
Vy 11 , which is true. □ 

Remark 4.1. With the notation of Proposition I4.2[ it is easy to check that 
i(X v )u = — (b 7 X 1 ') o S and that the indicated Hamiltonian field of ir*f is 
also equal to X v = JJ 9 [(d7r*/) o S'}, where g is the associated metric and 
S' G End TM is zero on f) and is defined on QJ by the conditions 

(4.10) S'X V G ft, SS'X V = X v . 
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Corollary 4.1. 1. With respect to the associated almost symplectic form u, 
every vertical tangent vector of M is a Hamiltonian tangent vector equal to 
the point-value of a vertical, local Hamiltonian vector field. 2. The vertical, 
locally Hamiltonian vector fields on M are in a one-to-one correspondence 
with the closed 1-forms on N. 

Proof. 1. Take y G M and Zy G Q3 y . Locally, extend the tangent covector 
i(Zy)uj y G ann^y to a closed 1-form a G arm 23. The assertion of the 
corollary holds because the equation i(Z v )u = a has a vertical solution Z v 
that equals Zy at y. 2. The mapping Z v — > a = i(Z v )u is a bijection 
TQJ — > r(ctnnQ3) and Z v satisfies the condition of part 1 of Proposition 14.21 
iff the corresponding form a is the pullback of a closed 1-form of N. □ 

In order to understand other w-Hamiltonian conditions we will use the 
associated metric g. Since Sj -L g 23 we have the so-called second canonical 
connection [9] defined by 

D xh Y h = pr^ xh Y\ D xh Y v = prv[X h , Y% 
D X vY h = pr Sl [X\ Y% D XV Y V = pr^V x ,Y h , 

where V is the Levi-Civita connection of g. 

Connection D is characterized by the preservation of and 03, by the 
preservation of g\u,g\xi along fj,Q3 and by the following expression of the 
torsion: 

T D (Zi,Z 2 ) = -pr< a [prf ) Z 1 ,pr f) Z 2 \ = -R^(Z 1 ,Z 2 ), Zi,Z 2 G TTM, 

where denotes the Ehressmann curvature of the distribution Sj seen as 
an Ehressmann connection. 

On the other hand, we recall the following general expression of the ex- 
terior differential of a 2-form u by means of a connection D: 

du(X, Y,Z)= Yl i D MY, Z) + u(T D (X, Y), Z)\. 

Cycl(X,Y,Z) 

Now, we will prove the following proposition. 

Proposition 4.3. Let f G C°°(M) be a first integral of the horizontal dis- 
tribution $). Then, grad g f = % g df is a vertical vector field, hence, X h = 
—S'gradg f is horizontal. Furthermore, if: 1) X h belongs to the kernel of 
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the Ehressmann curvature and 2) X h is g-orthogonal to the image of R^, 
then f is a Hamiltonian function with the horizontal Hamiltonian vector field 
X h . 

Proof. S' is defined by (I4.10p . We begin by discussing conditions ensuring 
that a horizontal vector field X h is a local-Hamiltonian field. Since du is 
skew-symmetric and only the point- values of the arguments count, equalities 
( Oj) . ( g5D and part 1 of Corollary O yield 

i{X h )du{Y v , Z v ) = 0, i(X h )du(Y h , Z v ) = 0. 

On the other hand, using the definition of the connection D and the expres- 
sion of its torsion , we get 

i(X h )du(Y h , Z h ) = - u(Rz(X h ,Y h ),Z h ). 

Cycl(X,Y,Z) 

Then, using the relation between u and g included in the definition of g, 
we see that any horizontal vector field X h that satisfies conditions 1), 2) 
stated in the proposition also satisfies the condition i(X h )duj(Y h , Z h ) = 0, 
therefore, we have i(X h )du(Y, Z) = 0, Y, Z e TTM. 

Furthermore, for the horizontal vector X h we have i(X h )u> = (\) g (SX h ). 
Thus, in order to have a horizontal, locally Hamiltonian vector field we must 
add the condition d[{\) g (SX h )} = 0, equivalently, SX h = — (j ff (d/)for some 
local differentiable functions /. 

Now, we translate the previous conditions into conditions that charac- 
terize cu-Hamiltonian functions with a horizontal Hamiltonian vector field. 
Firstly, we have to ask the vector field grad g f to be vertical, which ensures 
the existence of a horizontal field X h such that SX h = — § g (df). This hap- 
pens iff / is a first integral of the horizontal distribution S). Then, if we also 
ask the corresponding field X^ to satisfy conditions 1), 2), / is Hamiltonian 
with Hamiltonian field X h . This completes the proof of the proposition. □ 

We shall end by stressing the following point: the results concerning the 
horizontal case may be used for any vector field X on M that is never vertical 
(thus, never zero as well), for instance, for the complete lift of a tangent vector 
field of iV without vanishing points. 

Indeed, let us denote by {X} the line spanned by X. Then, 

mn{x} ±u = (%3®{x}) x " 
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is an isotropic subbundle of rank n — 1 and, by a well known result of sym- 
plectic geometry (e.g., [TO], Theorem 2.2.4), there exist isotropic subbundles 
& of rank n — 1 such that 

tm = [(03 n {x}^) © ©] © iu n. 

Above, ©_|_^ denotes the direct sum of symplectic, w-orthogonal subbundles 
and II is any complementary subbundle of 03fl {X}- 1 " in 03© {X} with u)\u 
non degenerate. Of course, we may choose IT such that X e II and, then, 
fj = & © {X} is w-Lagrangian and such that TM = S) © 03. 

It is easy to check that the almost symplectic structure uj is also associ- 
ated to the pair (7,^), but, the associated metric g is replaced by a metric 
g. Proposition 14.31 and the connected results may be used for the second 
canonical connection of the metric g. 

Moreover, we do not have to start with the pair (7, Sj), and we may apply 
Propositions I4.2[ 14.31 for any almost symplectic structure u on M = TN 
such that the vertical subbundle 03 is Lagrangian. We just have to choose 
an auxiliary Lagrangian subbundle fj that is complementary to 03 and an 
auxiliary metric 7 on N. 
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